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Abstract. Turaev and Turner introduced a bijection between unoriented 
topological quantum field theories and extended Frobenius algebras. In this 
paper, we will show that there exists a bijective correspondence between un- 
oriented (1 + l)-dimensional homotopy quantum field theories and extended 
crossed group algebras. 



1. Introduction 

In [2 j , Atiyah introduced a mathematical definition of topological quantum field 
theories (TQFTs). A (d+ 1)-TQFT assigns a module to each d-dimensional man- 
ifold and assigns a homomorphism of modules to each (d + l)-dimensional cobor- 
dism. Abrams 1, showed that there is a bijective correspondence between oriented 
(l+l)-TQFTs and Frobenius algebras. Turaev \f5\ defined a concept of homotopy 
quantum field theories (HQFTs) with target A, where A is a connected topolog- 
ical space. An HQFT assigns a module and a homomorphism of modules to each 
"A-manifold" and "A-cobordism" respectively. For any group tt, he constructed a 
bijective correspondence between oriented (1 + l)-dimensional HQFTs with target 
A for A = K(w, 1) and crossed tt algebras in [6,, where a crossed tt algebra V is a 
Frobenius 7r-algebra endowed with a group homomorphism ip: tt — ► Aut(V). In [5] 
Staic and Turaev discussed (1 + l)-dimensional HQFTs more generally. Turaev and 
Turner [8 showed that there exists a bijective correspondence between unoriented 
(l+l)-TQFTs and extended Frobenius algebras. An extended Frobenius algebra 
A is a Frobenius algebra endowed with an element 9 S K and a homomorphism 
$: K K. 

In this paper, we consider a group tt such that a 2 = 1 for any a e tt, X — K(tt, 1) 
and unoriented (l-fT)-dimensional HQFTs with target A. Moreover we introduce 
"extended crossed tt algebra" L which consists of a Frobenius tt algebra, a group 
homomorphism ip: tt — > Aut(L), elements {9 a £ L} aejr and a homomorphism 
$: L — > L. We will show that there is a bijective correspondence between unori- 
ented (l+l)-dimensional HQFTs with target A and extended crossed tt algebras. 

In Section [51 we recall definitions of HQFTs and some algebras introduced in [5] 
and will define unoriented HQFTs and extended crossed group algebras. At the 
end of this section, we introduce our main theorem (Theorem 12. 12[) . In Section [3l 
we construct an extended crossed group algebra from an HQFT (A, r). We call it 
underlying extended crossed group algebra of (A, r). In Sections [¥] and [SJ we prove 
the main theorem. In Section [51 we give some examples. 

Throughout this paper, the symbol R denotes a commutative ring with unit and 
the symbol tt denotes a group. 
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2. Unoriented HQFTs AND EXTENDED CROSSED GROUP ALGEBRAS 
Here we will explain terminology used in this paper. 

2.1. Unoriented HQFTs. In this subsection, we recall the definition of unori- 
ented homotopy quantum field theories. An oriented homotopy quantum field the- 
ory is introduced by Turaev [5] . 

Definition 2.1. Let A be a CW-complex. We call A the Eilenberg-Mac Lane 
space of type K(tt, 1) corresponding to a group 7r (K(tt, 1) space for short ) if its 
homotopy group ir n (X) = it with n — 1 and 7r„(A) = with b / 1. It is well 
known that such CW-complex is unique up to homotopy equivalence. 

Definition 2.2 ([5]). A topological space is pointed if each of its connected com- 
ponents has a base point. A map between pointed spaces is a continuous map 
preserving their base points. Homotopies of such maps are always supposed to be 
constant on the base points. 

Definition 2.3 ([6]). Let X be a K(ir, 1) space with a base point xo £ X. A pair 
(M, (/m) is called an unoriented X -manifold if M is a pointed closed unoriented 
manifold and <?m is a map from M to X. We call the map <?m the characteristic 
map. Since the spaces M and X are pointed, the map #m sends the base points of 
all components of M to iq- A disjoint union of unoriented A-manifolds and the 
empty set are also unoriented A-manifolds. An unoriented X -homeomorphism of 
unoriented A-manifolds /: (M, g\j) — > (M',gm') is a homeomorphism from M to 
M' sending the base points of M to those of M' such that gu = Qw ° /■ 

Definition 2.4 ([6]). Let A be a K(ir, 1) space with a base point xo £ X. A triple 
(W, Mo, Mi) is called an unoriented cobordism when W is a compact manifold 
whose boundary is the disjoint union of pointed closed manifolds Mo and Mi. An 
unoriented X -cobordism is a tuple (W, Mo, Mi, g) such that the triple (W, Ma, Mi) 
is an unoriented cobordism and that g : W —> X is a map which sends the base 
points of Mo and Mi to xq E X. We call the boundary Mo the bottom base, Mi the 
top base and the map g the characteristic map. An unoriented X -homeomorphism 
of X-cobordisms /: (W, Mo, Mi, g) — > (W , Mq, M{, g') is a homeomorphism from 
W to W' inducing unoriented A-homeomorphisms Mo — > Mq and Mi — ► M[ such 
that g = g' o f. 

Definition 2.5 ([6]). Fix an integer d > and a path connected topological space 
X with base point x E A. An unoriented (d + 1)- dimensional homotopy quantum 
field theory (HQFT for short ) (A, r) over R with target A assigns 

• a finitely generated projective i?-module A{M, g) (A(M) for short ) to any 
unoriented d-dimcnsional X-manifold [M,g), 

• an i?-isomorphism /j : A(M, g) — > A(M' ,g') to any unoriented X-homeomorphism 
of d-dimensional X-manifolds /: (M,g) — > (M',g'), 

• an i?-homomorphism r(W,g) : A(M , g\M ) —> A{Mi,g\Mx) to any {d+ 1)- 
dimensional X-cobordism (W, Mq, Mi, g). 

Moreover these modules and homomorphisms should satisfy the following axioms: 
(1) for unoriented X-homeomorphisms of unoriented A-manifolds /: M — > M' 
and /' : M' -> M", we have (/' o /), = U o /„, 
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(2) for unoriented d-dimensional X-manifolds M and AT, there is a natural iso- 
morphism A(M UN) = A(M) ® A(N), where M U N is the disjoint union of M 
and N, 

(3) A(0) = i?, 

(4) for any unoriented X-cobordism W, the homomorphism t(W) is natural with 
respect to unoriented X-homeomorphisms, 

(5) if an unoriented (d + l)-dimensional A"-cobordism (W, Mo, Mi, g) is the dis- 
joint union of two unoriented {d + l)-dimensional X-cobordisms Wo and W\, then 
T {W) = t(Wi)®t(W ), 

(6) if an oriented (d + l)-dimensional AT-cobordism (W, Mo, Mi, g) is obtained 
from two (d+ l)-dimensional X-cobordism (Wo, Mo, N) and (Wi,N', Mi) by gluing 
along /: N^-N', then t(W) = t(Wi) o/,o r(W ), 

(7) for any unoriented d-dimensional AT-manifold (M, g) and any continuous map 
F: M X [0, 1] -)• X such that F| Mx0 = F\ Mx i = g and that F(m x [0, 1]) = {x} for 
any base point m of M, we have t(M x [0, 1], M xO.Mx 1, F) = id A t M ) '■ A{M) 
A(M), 

(8) for any unoriented (d+l)-dimensional X-cobordism (W, g), t(W) is preserved 
under any homotopy of g relative to dW . 

If two maps / and /' : M — > X are nomotopic, there is a natural isomorphism 
A{M, f) = A(M,f). Hence we can suppose that A{M, f) is preserved under any 
homotopy of /. Similary r(W,g) is preserved under any homotopy of g (maybe not 
relative to dW ) . See [5] . 

2.2. Extended crossed group algebras. In this subsection, we recall some al- 
gebras which are introduced in [6] and define extended crossed group algebras. 

Definition 2.6. An R-algebra L is a 7r-algebra over the ring R if L is an associative 
algebra over R endowed with a splitting L = ® a67r L a such that each L a is a finitely 
generated projective i?-module, that L a Lp C L a p for any a, f3 € tt, and that L has 
the unit element I/, 6 L\. 

Let V and W be R- modules and r\: V<S>W — > Rbe a, bilinear form. The map r\ is 
non-degenerate if the two maps d: V — > Horn^W, R) defined by d(v)(w) — rj(v, w) 
and s: W — > Hom^V, R) defined by s(w)(v) = ri(v,w) are isomorphisms, where 
v <EV and w e W. 

Definition 2.7 ([6 ). A pair (L, rf) is a Frobenius ir-algebra over R if L is a 7r-algebra 
over i? and r\: L a ® Lp — > R is an i?-bilincar form such that 

(1) rj(L a g) L^) = if a/3 7^ 1 and the restriction of g to L a <S> L a -i is non- 
degenerate for any a G it, 

(2) 77(06, c) = r)(a, be) for any a, b, c G L. 

A Frobenius 7r-algebra with 7r a trivial group is called a Frobenius algebra. See 

DP- 

For any Frobenius 7r-algebra (L,g), Aut(L) is a group which consists of algebra 
automorphisms preserving r\. 

Definition 2.8 ([6 ). A triple (L, r), ip) is a crossed ir-algebra over R if the pair (L, g) 
is a Frobenius 7r-algebra over i? and tp: ir — > Aut(L) is a group homomorphism 
satisfying the following axioms: 

(1) for any f3 G n, (fp := <p(fi) is an algebra automorphism of L preserving g 
with tpp^La) C Lp a p-i for any a G it, 
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(2) ip a \L a = idi^ for any a G n, 

(3) for any a G L a and 6 G Lp, we have ipp(a)b = ba, 

(4) for any a, ft G 7r and any c G L a p a -ip-i, we have T^c^Jg: L Q — ^ L Q ) = 
Tr(ip a -ic: Lp — > Lp), where Tr is the i?-valued trace of endmorphisms of finitely 
generated projective R- modules; see for instance [7]. 

In [6 , Turaev showed that there exists a relation between oriented HQFTs with 
target K(tt, 1) space and crossed 7r-algebras. 

Theorem 2.9 (Turaev |6|). Let tt be a group and X be a K {tt, 1) space. Then 
every oriented (1 + 1)- dimensional HQFT with target X over the ring R deter- 
mines an underlying crossed ir-algebra over R. This induces a bijection between the 
set of isomorphism classes of oriented (1 + I) -dimensional HQFTs and the set of 
isomorphism classes of crossed n-algebras. 

For any crossed 7r-algebra (L,r],ip), we denote the HQFT corresponding to the 
crossed 7r-algebra by (A l ,t l ) . Now we define extended crossed group-algebras. 

Definition 2.10. Let tt be a group such that a 2 = 1 for any a £ tt. A tuple 
(L, T], if, {9 a } aeiT , is an extended crossed ir-algebra over R if the triple {L, n, Lp) is a 
crossed 7r-algebra, and the family of elements {9 a G Li} ae7r and the homomorphism 
of i?-modules $ : L — > L satisfy the following axioms: 

(1) $ 2 = id, 

(2) $(L a ) C L a for any a G tt, 

(3) for any v,w G L, $(wo) = <&(w)$(v), 

(4) $(1 L ) = 1 L , 

(5) T] O ($ (g> $) = 7?, 

(6) for any a G 7r, $ o y> a = y> a o $, 

(7) for any a, ft, 7 G 7r and w G L Q| a, we have 

mo ($ <g) yJ T ) o A a)( g(u) = ip 1 (9 ai 1 v), 
m o ((p 7 (g $) o A 0jJ g(w) = Lp~ l {6p 1 9~ l v), 
where A Qi/ g : — > i a ® L^j is defined by the following relation: 

(2.1) (id (8177) o (A Qi/9 <g> id) = m. 

Since 77 is non-degenerate and each L a is finitely generated, such a map A Qi/ 3 is 
uniquely determined. 

(8) for any a, ft G tt and u G L a , we have $(^« a ) = Lpp a (9p a v a ), 

(9) for any a £ tt, we have $(0 Q ) = 9 a , 

(10) for any a, /? G tt, we have tpp(9 a ) — 9 a , 

(11) for any a, ft, 7 G 7r, we have 9 a 9p9 1 = q(l)9 a p 7 , where q: R — > L\ is defined 
as follows. Let {a^ G and {bi G L a p}2 =1 be families of elements of Lq,^ 
satisfying the following condition: for any v G L a p 

(2.2) y^r?(bj ® ?j)ai = <pp y (v). 

i 

From the same reason as (7), such ai and &i are uniquely determined. Then we put 

Remark 2.11. (1) Let _D +i+! _(a, ft; 1, 1) be the oriented X-cobordism given by 
Figure [T] Its bottom base is a X-manifold (S 1 , aft) and its top base is the disjoint 
union of two X-manifolds (S^a) and (S 1 ,/?). Its characteristic map sends each 
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labeled arc to the loop corresponding to the label. Such map is uniquely determined 
up to homotopy since X is K(ir, 1) space. The orientation of (a, /3; 1, 1) is 

given by FigureEl Then we have r L (L> +i+ ,_ (a, /3; 1, 1)) = A a ^. The relation (pTTj) 
corresponds to Figured! 

(2) Let Q be the X-cobordism depicted in Figure [2] It is a once-punctured 
torus whose bottom base is empty and whose top base is a X-manifold (S 1 , 1). Its 
characteristic map sends each labeled arc to the loops corresponding to the label. 
Such map is also uniquely determined up to homotopy. Its orientation is given by 
Figure [3] Then we have q = t l (Q). The relation (|2.2p corresponds to Figure [SJ 



a p 




a(3 



Figure 1. The cobordism D +i+) _(a, /3; 1, 1). 




FIGURE 2. Definition of the cobordism (Q, 0, (S 1 , 1)). 




Figure 3. Orientations. 
The following theorem is our main theorem. 
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Figure 4. Relation of cobordisms (id ® rj) o (A tt)j g (8) id) = m. 




Figure 5. Relation of cobordisms (id (8)77) o t(Q') ® id = </?/3 7 . 

Theorem 2.12 (Main theorem). Let it be a group with a 2 — 1 /or any a £ 1 

and X be a K(tt, 1) space. Then every unoriented (1 + 1)- dimensional HQFT with 
target X over the ring R determines an underlying extended crossed ir-algebra over 
R. This induces a bijection between the set of isomorphism classes of unoriented 
(1 + I) -dimensional HQFTs over R and the set of isomorphism classes of extended 
crossed ir-algebras over R. 

We have not defined "underlying extended crossed tt- algebra" yet. We will define 
it in Section [31 

3. Underlying algebraic structures of HQFTs 

In this section, we construct an extended crossed group algebra from an HQFT. 
Assume that tt is a group such that any element a G ir satisfies a 2 = 1(= 1^), 
where l w is the unit of tt (in particular, tt is an abelian group). Moreover let 
X be a K(tt, 1) space with a base point xo G X. Throughout this section, let 
(A,t) be an unoriented (1 + l)-dimensional HQFT with target X. Let S 1 be 
an (unoriented) circle. For any unoriented 1-dimensional -manifold (S ,g), if 
we give S 1 an orientation, we can regard the homotopy class of g as an element 
a G tt — TTi(X). The element a does not depend on the choice of the orientation 
of S 1 since a = a -1 . Since we consider the module ^(S 1 ,^), we can denote the 
unoriented 1-dimensional X-manifold (S 1 ,^) by (S 1 ,^). 

Definition 3.1. Let Mb be a Mobius band. For any a G tt, we define an unori- 
ented (l + l)-dimensional X-cobordism (Mb, 0, d(Mb), g a ) as the unoriented (1 + 1)- 
dimensional X-cobordism in Figure[6] The map g a is a continuous map from Mb to 
X and is uniquely determined by the element a up to homotopy since X is a K(tt, 1) 
space. Choose an unoriented X-homeomorphism /: (d(Mb), g\d(Mb)) ~* (S , 1), 
and define an element 9 a by 

6 a := f t (T((Mb,<b,d(Mb),g a ))(l)) G A(S\l). 
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Figure 6. The cobordism (Mb, 0, d(Mb),g a ). Three edges are 
labeled by a, a, 1 £ n. Two edges of the triangle labeled by a £ n 
are identified along the arrows depicted in Figure [SI These labels 
mean that the map g sends each edge to the loop corresponding to 
the label. 

Lemma 3.2. The element a does not depend on the choice of an unoriented X- 
homeomorphism f. 

Proof. Let / and /' : (d(Mb), g\d(Mb)) —> (S 1 , 1) be unoriented X-homeomorphisms 
such that / is not isotopic to /'. Let T: Mb — > Mb be a homeomorphism re- 
versing the orientation of the boundary. The map T induces an unoriented X- 
homeomorphism T: (Mb,g a ) — > (Mb,g a ). Then / o T\q/ m ^ is isotopic to /'. By 
Definition 12.51 we have 

Mr(Mb,g a )(l)) = f t (T(T(Mb),g a )(l)) 

= ho(T\ d{Mb) ){T{Mb,g a ){\)) 
= f;(r(Mb,g a )(l)). 

Therefore the element 9 a does not depend on the choice of /. □ 

Let S 1 — > S 1 be a homeomorphism reversing the orientation. For any a £ n, 
we define an isomorphism of i?-modules $ Q = A(S 1 ,a) — > ^(S^a) by x$ '■ 
A(S 1 ,a) — > ^(S 1 ,^), where xj is the i?-homomorphism induced by x- Clearly we 
have $>(6 a ) — 9 a for any a £ n. 

For any a £ 7r, let C_ ) _(o!; 1) be an unoriented X-cobordism depicted in FigureO 
The unoriented X-cobordism C- t -(a;l) is an annulus whose bottom base is the 
disjoint union of two copies of X-manifolds (S , a), whose top base is empty and 
whose characteristic map sends the arc labeled by 1 £ tt onto x £ X. See Figure [7] 
Such a map is also uniquely determined up to homotopy by the element a £ it. For 
any element a £ 7r, we define a homomorphism of i?,-modulcs n a = n: ^(S 1 ,^) <g) 
A{S\a) ^i?by t(C_ _(<*, 1)). 

Lemma 3.3. We have n o ($ <g> $) = r\. 

Proof. Let a map /i: C_._(a; 1) — > C_^(a; 1) be an orientation reversing homeo- 
morphism. From Definition 12.51 we have 

r(C_,_(a, 1)) = r(n(C-,-(a, 1))) o (/z| (sV )u(sV))8 = r(C_,_(a, 1)) o (* ® $). 



□ 
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Figure 7. The cobordism C--(a;l). 

For any a,/3 £ tt, let D_ ) _ )+ (a,^; 1, 1) be an unoriented X-cobordism de- 
picted in Figure |U The unoriented X-cobordism D_ _ + (a, /?; 1. 1) is a twice- 
punctured disk whose bottom base is the disjoint union of two unoriented X- 
manifolds (S 1 , a) and (S 1 , j3), whose top base is an unoriented X-manifold (S 1 , a/3) 
and whose characteristic map sends the arcs labeled by 1 £ tt onto io G I. See 
Figure [8l Such a map is also uniquely determined by the elements a, f3 £ tt 
up to homotopy. For any a, (3 £ tt, we define a homomorphism of i?-modules 
to = to Q:(3 : ylfS'.a)®^ 1 ^) -)• ^(S 1 ,^) by r(D__, + (a, /3; 1, 1)). For any 
v € ^(S 1 , a) and w € ^(S 1 , /?), we denote to(w (g) w) by vw £ ^(S 1 , a/3). 




P 



FIGURE 8. The cobordism D_ i _ !+ (a, /3; 1, 1). 

Lemma 3.4. For two elements v £ ^(S^a) and w £ ^(S 1 ,^), we have <§>(vw) — 
$(iu)$(«). 

Proof. The proof of this lemma is similar to that of Lemma 13.31 □ 

For any a,/3 £ 7T, let C_.+ (a;/3) be an unoriented X-cobordism depicted in 
Figure |9l The unoriented X-cobordism C_-f(a;j8) is an annulus whose bottom 
base is an unoriented X-manifold (S^a), whose top base is also an unoriented 
X-manifold (S^a) and whose characteristic map sends the arc labeled by /3 £ tt 
onto a loop on X whose homotopy class is /3 £ tt. See Figure GO Such a map is also 
uniquely determined up to homotopy by the elements a, /3 £ tt. For any a, /3 £ tt, 
we define a homomorphism of i?-modules <pp: © Qe?r A(S 1 , a) — > © Qe7r -^(S 1 , a) 
by© ae7r T(C_, + (a;/3)). 

Lemma 3.5. for any (3 £ tt, we have 4> o ^3 o $ = <^g. 

Proof. We can prove this lemma by using the same argument as Lemma 13.31 □ 
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Figure 9. The cobordism C- t+ (a;/3). 

Lemma 3.6. For any a£i and v a 6 A(S , a), we have $>(9/3V a ) = fj3a{9f} a Va)- 

Proof. Figure [TU] shows this lemma. In Figure [TU] the first cobordism corresponds 
to 9pv a and the fifth cobordism corresponds to (pf} a {9j3 a v a ), where two arrows 
depicted in Figure [TU] mean that two edges endowed with the arrows are identified 
respecting the orientations indicated by them. Sliding the top base of the first 
cobordism, we get the second, the third and the fourth cobordisms. As a result 
the top base is reversed. From these transformations and Definition 12.51 we have 

$(0/3^a) = VPaiQpoiVoi)- □ 

Lemma 3.7. For any a, /3 S 7r, we have <P/3(0 a ) = 9 a . 

Proof. See Figure [TTl In Figure [TT] the first cobordism corresponds to <pp(6 a ), 
where arrows depicted in Figure [TT] mean that edges endowed with these arrows are 
identified along the same arrows. The fourth cobordism corresponds to 9 a because 
7r is an abelian group and any element a € ir satisfies a 2 = 1. □ 

Lemma 3.8. For any a,/?, 7 6 tt, let Q be the unoriented (1 + 1) -dimensional 
X -cobordism introduced in Definition \2.10\ and depicted in Figure® Then we have 
6 a 6p6~ f = T(Q)(l)6 a f)y ) where 1 is the unit of R. 

Proof. Figure [12] shows this lemma. In Figure [12] the first cobordism corresponds 
to OaOpOy and the eighth cobordism corresponds to r(Q)(l)0 Qj 8 7 . □ 

Lemma 3.9. For any a, /?, 7 £ ir and v £ A(S 1 ,a/3), we have the following equa- 
tions: 

TOO ($ (g) tp y ) o A at p(v) = ip 1 (9 ai 9 1 v), 

m o (<p 7 (g) $) o A Ql( g(«) = (p y (0p 7 0yV), 
where A. a ^ = r(_D + . +! _ (a, /3; 1, 1)) and D +!+ ._(a;, (3; 1, 1) is i/ie unoriented X- 
cobordism introduced in Definition \2.1u\ 

Proof. This lemma follows from Figure [T3] In Figure [T3] the first cobordism cor- 
responds to to o (<y9 7 (gi $) o A Qjj g(u) and the fourth cobordism corresponds to 
ipy(9 ai 9-yv). Similarly we can prove to o (<^ 7 eg) $) o A Qj ^(w) = ip 7 (9/3~ f 9 7 v). □ 

Lemma 3.10. We /iGroe $(1l) = 1l> where 1l = t(D, 0, dD)(l), 1 is the unit of 
R and D is a cup which is an unoriented X -cobordism depicted in Figure [7^] Note 
that the characteristic map of D is uniquely determined. 



Proof. By using similar argument of Lemma l3.3l we can prove this. 



□ 
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Theorem l2.9l and Lemmas 13 . 2113 . 101 show that any unoriented (1 + l)-dimensional 
HQFT (A, t) with target X induces an extended crossed 7r-algebra. We call the 
extended crossed 7r-algebra the underlying extended crossed 7r-algebra of the un- 
oriented (1 + l)-dimensional HQFT (A,t). 
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Figure 11. Proof of Lemma l3~7l 



4. Proof of main theorem 

In this section, we prove Theorem l2.12l To prove the theorem, we need to make 
an unoriented HQFT (A,t) from a given extended crossed 7r-algebra (i, 77, ip, 

{0 a } a £n, 

Our proof has three steps. In Step 1, we construct a functor A. In Step 2, we 
make a functor r. In Step 3, we prove that the pair (A,t) satisfies the axioms of 
HQFTs. To construct them we use the same method as [8]. 

Step 1: Construction of a functor A. 

Let (M, g) be a connected unoriented 1-dimensional X-manifold. We define an 
i?-module A(M, g) by 

A(M,g) 

:={(r,v)\r: (S^a) — > (M,g) : unoriented X— homeomorphism, v £ L a }/ «, 



where (r, v) ~ (r/ v') if and only if r is isotopic to r' and v = v' , or r is not isotopic 
to r' and v — For any (M,g), such a G 7r is uniquely determined. For any 

unoriented X-homeomorphism h : (S^a) — >■ (M, g) , we define a map /i : A(M,g) — ¥ 
L a by 

~, . I v (if r is isotopic to /i), 
n(r, v) :— < 

I (if r is not isotopic to h). 

Then the map h is bijective. In fact it has inverse map (/i) -1 : L a — > A(M, g) which 
is defined by (ft.)~ 1 (u) = [h, v) for any v £ L a . Moreover we can use the i?-module 
structure of L a to turn A{M,g) into an i?-module. The i?-module structure of 
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(3a 



Figure 12. Proof of Lemma l3.8l As usual, we identify edges with 
some types of arrows in these pictures. 

A(M, g) does not depend on the choice of the map h. This follows from the folowing: 

a(r,v) =(h)~ 1 (ah(r,v)) 




(h, av) (if r is isotopic to h), 
(h, a$(v)) (if r is not isotopic to h) 



I (r,av) (if r is isotopic to h), 

| (r, $(a$(u))) (if r is not isotopic to h) 
=(r, av), 

where (r, v) £ A(M, g) and a £ J2. Since L Q is a projective i?-module, so is A(M, 5). 
In general we define A(0) by R and A(M U JV) by A(M) ® A(iV) for all connected 
unoriented 1-dimensional X-manifolds M and TV (more precisely M U iV is an 
ordered disjoint union and A(M) ® -A(iV) is an ordered tensor product). For any 
unoriented X-homeomorphism of unoriented X-manifolds / : (M, g) —> (M' , g'), we 
define an i?-homomorphism /j : A(M, (?) — > A(M',g') by f${r,v) — (for, v) for any 
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FIGURE 14. The cobordism (D,0,frD). 



(r, v) G A(M,g). Clearly /jj is an R- isomorphism and preserved under isotopies of 
/• 

Step 2: Construction of a functor r. 

For any unoriented (1 + l)-dimensional X-cobordism (W, Mo, Mi, g), we define 
an i?-homomorphism r(W,g): A{M ,g\M a ) — > A{M 1 ,g\M 1 ) as follows: 
Case 1: W is orientable and connected. 

Fix an orientation of S 1 and give W an orientation, and take unoriented X- 
homeomorphisms h,M '■ (S 1 ,^!) U • • • U (S 1 ,a n ) — > (Mo,g\M ) and %Mi ■ (S 1 ,/?!) U 
••• U (S ,f3 n ) — > (Mi, g | Mi) which preserve orientations. Then we define an R- 

homomorphism r(W,g): A(M , g\ Mo ) -t A{M 1 , g \ Ml ) by h Ml o T L (W,g)o h Mo ■ 
The definition of t l is introduced in Theorem 12.91 We need to prove that r(W,g) 
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does not depend on the choice of their orientations. It is sufficient that we check it 
in the cases where W is an unoriented basic cobordism depicted in Figure [TBI When 
W is an unorieted X-cobordism at the upper left in Figure 1151 take unoriented X- 
homeomorphisms fiM : (S 1 , a) U (S 1 , /3) — > M and Hmi '■ (S 1 , a/3) — > Mi. Then we 
have 

flMi omo tiM — hui o$OTOoPo($£g>$)o hu 

= {h Ml o omoPo (h Mo o (x u X))> 

where P is the permutation. This equation implies that t(W, g) does not depend 
on the choice of the orientation of W . In other cases, we can use similar arguments. 



op 




Figure 15. Oriented basic cobordisms. 
Case 2: W is non-orientable and connected. 

Let RP 2 be the projective plane. For any a € 7r, we define an unoriented X- 
cobordism (RP 2 , f a ,p) with p a point of RP 2 as follows. The pair (RP 2 , f a ) is an 
unorieted X-cobordism (RP 2 , 0, 0, f a ) such that f a {p) = xo and that the homotopy 
class of f a \i equals a £ n for the loop I on RP 2 depicted in Figure [TBI fin Figure [TBI 
I is presented by the upper arc with arrow, which is identified with the lower arc 
with arrow). Such unoriented X-cobordism is uniquely determined up to homotopy 
by a := [I] G n. In general for any unoriented X-cobordism (RP 2 ,g), (by using 




Figure 16. The cobordism (RP 2 ,/ Q )D 

homotopy) we can assume that there are p £ RP 2 and a £ ir which satisfy the 
following conditions: 
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• g(p) = x , 

• g is homotopic to f a . 

32 „\ K,r ("D p2 



We denote the unoriented X-cobordism (RP , g) by (RP , f a ) . Now we rep- 
resent (W, g) as the connected sum of an orientable (unoriented) X-cobordism 
(W or , g\w°') an d unoriented X-cobordisms (RP 2 , / Q1 ), • ■ • , (RP 2 , /q„), that is, 

(W,g) = (W m , g | n/or ) (J (RP 2 , / ai )R . . . ft(RP 2 , / Q J. 

Note that dW° r = dW and that a homomorphism T(IU or , g\w°') is defined in the 
orientable case. Let to be the number of components of M\. We define a ho- 
momorphism t(W, g) as follows. If m > 0, take an unoriented X-homeomorphism 

m m 

h: | |(S l ,/3j) — > (Mi,5|mi) and identify two P-modules A(Mi, 5 |mJ and^Ji^ by 

i i— 1 

m 

ft,: A(Mi, (7^) — >• ^^L^ i . Under this identification, we define a map tl> ax> ... , Q „ : A(-Mi,<?| 

z=l 

A(Mi, gl^) to be the identity on all factors except one where it is multiplication 

n 

by Yl 6 ^ We define 

i=l 

r(W,fl) :=i l! .., a „or(r',j| H ,o,). 

If m = 0, consider an unoriented X-cobordism W m — D 2 = (W° r — D 2 , M , Mi U 
d(D 2 ), g\w°*—D 2 )i where D 2 is any disk on W. Take an unoriented X-homeomorphism 
h: (S 1 ,!) — > (d(D 2 ),g\ a ( D i' ) ) and identify two P-modules A(d(D 2 ), g\g(o 2 )) an d 
L\ by h: A(d(D 2 ), g\g^2)) — > L\. Under this identification, we define a homomor- 
phism r(W,g) by 

n 

r(W,g)(v) ~ V (t(W°* - D 2 ,g\ w «r_ D2 )(v),l[9 az ) 

i=l 

for any v € A(Mq, g\n,j )- From Lemmas 14.11 and 14.21 below, the functor r is well 
defined. 

Case 3: W is not connected: 

We can extend the definition of r constructed as above to non-connected cases 
by using tensor products as Stepl. 

Step 3: The pair (A, r) is an unoriented (1 + l)-dimensional HQFT with target 

X. 

We need to check the axioms of unoriented HQFTs (see Definition 12. 5p . The 
pair (A,t) clearly satisfies the axioms except for (4) and (6). In the next section, 
we show that (A, r) satisfies the axioms (4) and (6) (Propositions 15.11 and 15. 4p . 

From Step 1, 2 and 3, we complete the proof of Theorcm l2.12l (except for Propo- 
sitions 15.11 and 15.41 and Lemmas 14.11 and 14.21) . 



Lemma 4.1. (i) The map r(W,g) does not depend on the choice of h. 

(ii) The map t(W, g) does not depend on the choice of a factor multiplied the 

n 

element € L\. 

i=l 

(iii) The map t(W, g) does not depend on the choice of the connected sum 
(W,g) - (IU OT , 5 | 1 yo r )H(RP 2 ,/ ai )H...tt(RP 2 ,/ a J. 
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Proof, (i): In the case where m = 1, take any unoriented JT-homeomorphism 
h: (S 1 ,^) -> (Mi^ImJ- For any (r,v) £ A(M 1 ,g\ Ml ), we have 

!n 
(/l, «) (if r is isotopic to h), 

(/i, J^J (if r is not isotopic to h) 

i=l 
n 

(r, fl Qi w) (if r is isotopic to h), 

i=l 

n 

(r, ^(J^ ^, $(«))) (if r is not isotopic to h) 

i=i 

n 

=(r,l[e ai v). 

i=l 

Hence the map t(W, g) does not depend on the choice of h. Similarly we can prove 
the case where m > 1. In the case where m = 0, (i) follows from the fact that <E> 
preserves n and 9 a for any a. 

(ii) : It follows from Figure [T7] and Theorem 12.91 





Figure 17. Cobordism relation. 

(hi): In the proof of Lemma EE we proved that (RP 2 , / Q )ji(RP 2 , / ( g))J(RP 2 , / 7 ) 
is unoriented X-homeomorphic to (T 2 , g a ^ n )§(R.P 2 , / a( 3 7 ), where (T 2 , g a ,/3,~/) is 
the unoriented X-cobordism depicted in Figure [18] whose bottom base and top 
base are empty and whose characteristic map g a ,/3,j sends the arcs labeled by 
l,/3a,/?7 £ 7r onto the loops with the corresponding labels. Such characteristic 
map is uniquely determined by these labels. It follows from the definitions that 
r((RP 2 ,/ ct )tt(RP 2 ,/ /3 )tt(RP 2 ,/ 7 )) = r((T 2 , ffQi/3 , 7 )H(RP 2 ,/^ 7 )). Hence it is suf- 
ficient to prove (hi) for the case where n = 1 or 2, which is shown in Lemma 14.21 
below. □ 

Lemma 4.2. (I) Assume that we have two connected sums 

(W,g)^(W°\g\ w ^{KP\f a ) 

and 

(W,g) = (W°\g\ Wol )mP 2 Jp)- 
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Figure 18. The cobordism (T 2 ,g aj/ 3 )7 )D 

(I-a) If we have an unoriented X -homeomorphism of unoriented X -manifolds 
f:^W m ,g\w°<) -> (W m ,g\ Wol ) and a = (3, we have $ a o t{W°\ g\ w ~) = o 
T(W°*,g\ Wm ). 

(I-b) If we have an unoriented X -homeomorphism of unoriented X -manifolds 
f:JRP 2 ,f a ) -y (RP 2 ,fp) and W m = W° r , we have ^ a o t(W°\ g\ w ~) = ^ ° 
r(^ OT , 5 |^ or ). _ 

(I-c) We haveTjj a o T (W m ,g\ WO r) = ib oT(W or ,g\ War ). 

(II) Assume fftarf we have two connected sums 

(W,g) - (W° T ,g\ W or)b(RP 2 ,f ai )b(RP 2 ,f a2 ) 

and 

(W,g) = (^ OT ,g|^ or )tt(RF 2 ,/ /3l )tt(R J P 2 ,/&)- 
(II-a) If we have an unoriented X -homeomorphism of unoriented X -manifolds 

f: (W oz ,g\w°*) -> (W OI ,g\yyor) and{a 1} a 2 } = {f3i,f3 2 }, we have ip QuOl2 0T(W m , g\ w °*) = 

^ M2 or(W OI ,g\ Wot ). 

(Il-b) If we have an unoriented X -homeomorphism of unoriented X -manifolds 

f: (RP 2 ,/ Ql )tt(RP 2 ,/ Q2 ) -> (RPy ft )ft(RP 2 ,/ fe ) and W°* = W°\ we have 

^ aua2 oT(W m ,g\ Wa r)=^ u02 oT(W o \g\ Wol ). 

(ll-c)For any such connected sum, we have ip ai .a 2 ° t(W ot , g\w or ) = ippi,Pa ° 

T(W°*,g\ Wot ). 

Proof. (I-a): We can naturally identify d(W m ) and d(W or ) with d(W). It follows 
from the definition of t(W 01 ) and t(W ot ) and Theorem 12.51 that 

(4-1) (f\M 1 h°T(W°*)=T(W° I )°(f\M ) S . 

The map (/|mi)( is the identity map or $ on each factor of A(M\, g\Mi)- It follows 
from the definition of extended crossed 7r-algebras that the center of L contains L\ 
and that &(9 a v) = 9 a $(v) for any a e i, u 6 i. Hence we have 

(4-2) 1p a ° (/|Mi)|) = (/|Mi)s 

It follows from (ICT and (R~2l that 

(4.3) (/| Ml )j o ° r(I¥ OT ) = o r(W>) o (f\ Mo ) t . 

The equation (|4. 3[) implies (I-a). 

(I-b): Since the mapping class group of the projective plane RP 2 is trivial, 
the map / is isotopic to the identity map, that is, there exists a continuous map 
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H : RP 2 x [0, 1] -> RP 2 such that the map H t : RP 2 -> RP 2 defined by ff t (x) = 
i? (x, i) for any a; 6 RP 2 is a homeomorphism for all t £ [0, 1] and satisfies Hq = f 
and Hi = id. We do not know if the map H fixes p £ RP 2 , where p is the point 
introduced in the proof of Theorem 12. 121 Let 7 £ tt be an element corresponding to 
the loop fp(H(p <S> [0, 1])) on X. Then we have a = 7/^7 = (3-f 2 = (3. This implies 
(I-b). 

(I-c): Consider the loops c, /(c) and c' as depicted in Figure [19] In general, 
/(c) is not homotopic to c'. For any a,/3 £ tt and w 6 L ai we have <&(0f)v) — 
<Paf){9ap v )- This equation means that t(W, g) is preserved under the transformation 
depicted in Figure [20] (see the proof of Lemma [3. 6| . By the definition of t(W, g) 
and Theorem 12. 9[ the map t(W, g) is preserved by Dehn twists on W. By using 
the transformation depicted in Figure [20] and Dehn twists, we can assume that 
/(c) is homotopic to c'. If /(c) is homotopic to c , there exists an unoriented X- 
homeomorphism /': (RP 2 ,/ Q ) — > (RP 2 ,/^) and we can use arguments in (I-b). 




Figure 19. Loops c, /(c) and c'. 

(Il-a): We can show this by using similar arguments in the proof of (I-a). 

(Il-b): We can show this by using similar arguments in the proof of (I-b). Instead 
of the mapping class group of RP 2 , we use that of the Klein bottle. The mapping 
class group of a Klein bottle is generated by two elements x and y (see Theorem l4.3l 
below). We can assume that the cobordism (RP 2 , / Q )fl(RP 2 , fp) is given by the 
right hand side in Figure [5T] If / is isotopic to 1, we have ax = fiz and a.2 = (3\. If 
/ is isotopic to y, we have a\ = a.2 = 02 (see Figures |2"21 and |2"3"]) . 

(II-c): We can show this by using similar arguments in the proof of (I-c). □ 

Theorem 4.3 (Lickorish [4]). Let K be the Klein bottle. We define a homeomor- 
phism x: K — > K as a Dehn twist along the loop c depicted in Figure \2J\ and a 
homeomorphism y: K — > K as taking the mirror image with respect to the line 
d depicted in Figure \ 2J\ Then the mapping class group of K is generated by the 
isotopy classes of x andy. 
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Figure 20. A transformation. 





CP" 




Figure 21. The cobordism (RP 2 , / Q ))J(RP 2 , f p ). 



a,a 2 




a,a 2 




Figure 22. In the case f = x. 



5. The axioms of HQFT 

In this section, we check that the pair (A, r) constructed in Section |4] satisfies 
the axioms of HQFTs (see Definition [ 
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ate 



a,a 2 




a,a 2 



Figure 23. In the case / = y. 






— ^ — 1 1 






1 


R£ 



Figure 24. Generators of the mapping class group of a Klein bottle. 

Proposition 5.1. The functor r constructed in Theorem \2.12\ from an extended 
crossed ir-algebra (L,rj,(p, {0 a } a e^^) * s natural with respect to unoriented X- 
homeomorphisms of unoriented X -manifolds. 

Proof. Let (Wi, Mi, Ni, gi) and (W2, ^2,-^2,52) be two unoriented X-cobordisms 
and /: (Wi,Mi,Ni,gi) — > (W-z, M%, N%, g%) be an unoriented X-homeomorphism 
of unoriented X-cobordisms. If we are given an unoriented X-homeomorphism 

(Wi.ffi) = (Wf r ,gi\ wr )i(RP 2 ,f ai )i..4(RP 2 ,f an ), 

then we have 

(W 2 ,g 2 ) - (/(Iff), (ffi k r ) o /-l)t)(RP 2 , / ai o . . . B(RP 2 , /«„ o 

There is an element /3j £ 7r such that is isotopic to / Qi o / _1 for alii = 1, . . . , n. 
It follows from Lemma l4~2l that on = /3j for all i = 1, . . . , n. From Theorem 12.91 we 

have (/U)|°r(Wf , ffl | wr ) = T(/(W 1 OT ),(5ikr)°/" 1 )°(/k)8- This completes 
the proof. □ 

Definition 5.2. Let (A,t) be the pair constructed in Theorem 12.121 from an ex- 
tended crossed 7r-algebra (L, r\, <p, {6 a }a^i An unoriented X-cobordism (Wo, 
Mq, X) is X-nice if for any unoriented X-cobordism (Wi, X', Mi) and unoriented 
X-homeomorphism f:N—> N', we have r(W) = t(Wi) o/jo t(Wo), where PF is 
the unoriented X-cobordism obtained from W\ and Wq by gluing along /. 

In the case where ir is trivial, X-niceness is equal to niceness introduced in [8]. 
Then the following lemma is an easy consequence of Theorem 12.91 

Lemma 5.3 (8). (1) Let (Wq,Mq,Nq) be an unoriented X-cobordism obtained 
from two unoriented X-cobordisms (Wq, Mq, Nq) and (Wq, Mq, Nq) by gluing along 
an unoriented X -homeomorphism g: Nq — > Mq . If Wq and Wq are X-nice, so is 

Wq. 
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(2) Let (Wo, Mq, Nq) and (Wx,Mi,Ni) be oriented X-cobordisms and /: A*o — > 
Mi be an orientation preserving X -homeomorphism. Then we have t(W) — t(W\)o 
/jjot(Wo), where W is the oriented X -cobordism obtained from W\ and Wo by gluing 
along f. 

Proposition 5.4. The six unoriented X-cobordisms depicted in Figure \2S\ are X- 
nice. Hence the pair (A, r) constructed in Theorem \2.12\ from an extended crossed 
ir-algebra (L, rj, <p, {9 a }aen, <£■) satisfies the axioms of Definition \2.5\ 




Figure 25. Basic X-cobordisms. 

Proof. Let (Wo, Mq, N, g) and (W\,N' , M\,g') be two unoriented X-cobordisms and 
/ : N — > N' be an unoriented X-homeomorphism of unoriented X-cobordisms. Let 
(WiUfWo, g'Ufg) be an unoriented cobordism obtained from Wo and W\ by gluing 
along / . Moreover we suppose that we have (W^g 1 ) (Wf 1 , g'\ w? *)$(TlP 2 , f ai )$ . . . j}(RP 2 , / Q J. 

(I) The case where (Wo,M ,N,g) is a cobordism depicted in Figure [25] (3). 

In this case, we can choose orientations of W\ and Wo such that / is an orienta- 
tion preserving homeomorphism. By Lemma 15.31 we have the following equation: 

t(Wi U, W ,g' U f g) =^ ai) ... iOB o r (Wr U, W ) 

=^ ai ,..., an oT(W? T )of iOT (Wo) 

^(W^V/jot^,.?). 

Hence (W , M , N, g) is X-nice. 

(II) The case where (Wo,M ,N,g) is a cobordism depicted in Figure [25] (1), (4) 
and (5). 

In this case, we can use the same proof as (I). 

(III) The case where (Wq,Mq,N ,g) is a cobordism depicted in Figure [231 (6). 
Suppose that (Wo, Mq, N, g) is given an unoriented X-homeomorphism (Wo, g) — 

(W OT , 5 | w »)tt(RP 2 , f a ). Then we have 

(WiU/ Wb.s'U/ff) S 

(Wf U / W OT ,ffVr u / sk»)»(RP 2 , / a )tt(RP 2 , / Ql )tt . . . tt(RF 2 , /«„). 
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Furthermore we can give orientations of W° T and W§ T such that / preserves the 
orientations. Then we have the following equation: 

t{W x U f W ,g' U, g) = ^o^orfWf U f W° r ) 

= i> a o ij ai ,... an o r(wn o /„ o T (W^) 
= i lr . a » ° r(Wn o/,oio t{W™) 
= T(W u g')°fi°T(W ,g). 

The third equality follows from Figure 1261 The equation in Figure [^Hl follows from 
the fact that /j =id or <£> and that $>(9 a ) = 9 a for any 8 a £ ir. Hence (Wo, Mo, N, g) 
is X-nice. 




9a 



Figure 26. ^ a o^ ai ,.. an o T {W^)o^o T {W^) = i 1 ,.,„o T (Wr)o 
/|4aor(W "). 



(IV) The case where (Wo, M , N, g) is a cobordism depicted in Figure [55] (2). 

If we can give orientations of W° r and Wo so that / preserves them, we can use 
the same argument as (I). Suppose that we cannot give such orientations. Then 
there are an unoricnted X-cobordism (W3, M 3 , N 3 ), an unoriented X-cobordism 
{W 2 , M 2 , N 2 ) and an unoriented X-homeomorphism /' : N 2 —> M 3 such that W\ — 
W3 U/ W 2 (see Figure [27]), where (W 2 ,M 2 ,N 2 ) is unoriented X-homeomorphic to 
the unoriented X-cobordism depicted in Figure [231 (3). Let W4 be an unoriented X- 
cobordism W 2 U/ Wo (see Figure [28| . It follows from the proof of Lemma [3791 that 
(Wi,g) (W^^lworJjKRP 2 ,/,,,)^!^ 2 ,/!). Moreover it follows from Lemma EH 
and the definition of extended Frobenius algebra (see Definition 12 . 10( 7) ) that 

r(VF 4 ) = t(W 2 )o^ot(W ). 

Now we have 
(WaUf. Wi,g'U f g) S 

(W^U/.WT, Cs'U/^lwru^wrJlKBP 2 , /«)»(RP 2 , /i)fi(RP 2 , /a Jtt- • .tt(RP 2 ,/ Q J 
and we can give orientations of W§* and W4 r so that /' preserve them. Hence we 
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w 3 




a p 



w 2 

Figure 27. Wi = W 3 U r W 2 . 



2$ 




W 2 



a 8 

W 4 = a8 f f 




Figure 28. W A = W 2 U f W Q . 

have the following equation: 

r(Wi U/ W 4 ,g' U f g) = (W 3 Uf W±,g' Uf g) 

= ° ^ ° r (^3° r ) ° /» ° W) 

= ^ au -a n o r(VF 3 or ) o /„' o^o^o r(F< r ) 
= t(W 3 )°/ b '°t(VF 4 ) 
= t(M/3)o/ ( 'ot(H/ 2 )o/ ( ot(Wo) 
= r(lf 1 )o/,or(W ). 
Hence Wo is X-nice. □ 

6. Examples 

In this section, we construct examples of HQFTs and extended crossed group 
algebras. 

Firstly we will construct an example of unoricnted HQFTs. 

Example 6.1. This construction is similar to "primitive cohomological HQFT" 
constructed by Turaev [6] and his construction is inspired by the work of Freed 
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and Quinn [3]. Let tt be Z/2Z and X be a K(ir, 1) space (in particular X is 
homotopy equivalent to RP°°). Given d > we take a (rf + l)-dimensional co- 
cycle 9 G C d+1 (X; R x ), where R x is the unit group of R. For any unoriented 
d-dimensional X-manifold (M,g), we define an i?-module A(M,g) by Rv a , where 
a G Cd{M; Z/2Z) is a fundamental cycle and Rv a is the free i?-module of rank 1 
generated by v a . If a,b G Cd(M;Z/2Z) are two fundamental cycles, then we give 
the relation v a — g* (9)(c)vb, where c is a (rf + l)-dimensional singular chain in M 
such that dc = a + b. The element g*(9)(c) G R x does not depend on the choice 
of c. For any unoriented X-homeomorphism /: (M,g) — ► (M',g'), we define an 
i?-homomorphism /j : A(M,g) -)• A(M',.g') by /|t(u a ) = 

Let (W, Mo, Mi, g) be an unoriented (d + l)-dimensional X-cobordism. Take a 
cycle B G C d+1 (W, dW; Z/2Z) such that [£] G ffrf+i(W, Z/2Z) is the fun- 
damental class. Then we have dB = ao + oi, where d: Cd+i(W,dW;Z/2Z) — > 
Cd{M ; Z/2Z)©Cd(Mi; Z/2Z) is the connected homomorphism and a G Crf(M ; Z/2Z), 
ai G Cd{M\; Z/2Z) are fundamental cycles. Then we define an R- homomorphism 
t{W, 9 ): A(M Q ,g Mo ) -»• A(M 1)5Ml ) by r(Py, ff )(i; aQ ) = (^*(fl)(B)) _1 i; 0l . The map 
r(W, g) does not depend on the choice of B. 

The pair (A, r) is an unoriented (d+ l)-dimensional HQFT with target X. More- 
over the isomorphism class {A, r) does not depend on the choice of a singular co- 
cycle representation of the homology class [9] G H d+1 (X, ;R X ). For any closed 
unoriented d-dimensional X-cobordism (W,g), the map t(W, g) is an involution. 

Secondly we make an example of extended crossed group algebras below. 

Example 6.2. Let tt be the group Z/2Z = {1,-1} and {l a } a £Tr be a set whose 
index set is tt. Let {n a ,fi G R x } a ,i3eir be a normalized 2-cocycle, that is, K± t \ = 1 
and K a ,pK a f3,-y = Ka^-yKp^, where R x is the group of units of R. Note that for any 
a G tt, we have = K Qi i = 1. 

For any a G 7r, let L Q be the free R- module of rank 1 generated by l a , that is, 
L a = Rl a . Put L = L\ ® Multiplication of L is defined by l a lp = K a ,pla/3- 

A bilinear form g: L <£> L — > R is defined by ?y(Z a £g) /„) = n a a for any a G tt and 
?y(7 a (g) Z^) = for (3 ^ a. For any /3 G tt, put <^g = id. Take an element a G R which 
satisfies a 2 = 1 and put 6> Q = al\ for any a G tt. Then (L = (J) L a , g, ip, {9 a } a ^. !T , i>) 
is an extended crossed 7r-algebra. 

We can easily prove that the algebra (L = L a , g, ip, {9 a } a&7r , <fr) satisfies the 
axioms in Definition 12. 101 except (3), (7) and (11). Since we have l a lp = K, a fil a fi = 
K a ,pl/3a = Ka^Kp^lpla — lpl a , L satisfies the axiom (3). 

To check the axiom (7), we need to compute & a ,p{lai3) for any a,j3 G tt. Put 
A a)l a(£ ai a) = kl a ® Ip. Then we have 

(6.1) (id ®g) o (A a>/ g <g) id)(l a p ® lp) = l a plp 

(see Figure |4]). The left hand side of (|6.1j) is equal to kn^^l a and the right hand 
side is equal to Kap^lafip = n a/ 3^l a . Hence k — K^Kap^ and we have 

= la/3- 

To check the axiom (11), we need to compute q(l) G L\. We consider t l (Q'), 
where the cobordism Q' is depicted in Figure [29] whose bottom base is empty and 
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whose top base is (S\a/3) U (S\a/3). Put t l (Q')(1) = k'l a p ®l a p- Now we have 

(6.2) (id <g)f]) o (r(Q') ® id)(//j a ) = Vp-yiha) 

(see Figured]). The left hand side of f|6.2[) is equal to k' n a p, a pl a p and the right 
hand side is equal to l a p. Hence k' — n~p a g and we have q(l) — mo t l (Q')(1) = 
k'l a pl a p = h- This shows that L satisfies the axiom (11). 

Remark 6.3. Note that Turaev \§\ shows that the algebra (L = Q) L a ,r),(p) is a 
crossed 7r-algebra. 




Figure 29. The cobordism (Q', 0, (S 1 , a/3) U (S 1 , a/3)). 
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